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Abstract 

We make it precise what it means to have a connection with torsion 
as solution of the Einstein equations. While locally the theory remains 
the same, the new formulation allows for topologies that would have 
been excluded in the standard formulation of gravity. In this formu- 
lation it is possible to couple arbitrary torsion to gauge fields without 
breaking the gauge invariance. 
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1 Introduction 



In Einstein's theory of gravity, the quantity that represents the gravitational 
field is the pseudoriemannian metric. This comes from the equivalence princi- 
ple, so the physics of gravity is formulated naturally in a geometric language. 
Mathematically, (pseudo) Riemannian geometry is based on the existence of 
a unique, torsionless connection compatible with the metric, the Levi-Civita 
connection. Although the field equations of gravity are formulated in local co- 
ordinate patches, different solutions are 'reconstructions' of the Riemannian 
manifold by gluing appropriately different patches, then giving the possibility 
of vacua that have different topology. 

Nevertheless, it is not mandatory to use the Levi-Civita connection, since 
there are many connections that are compatible with the metric. They have 
torsion, and it is the existence and uniqueness result for the Levi-Civita 
connection that makes it the standard choice. There have been many at- 
tempts to introduce torsion in gravity. Usually, torsion in the connection is 
interpreted as new degrees of freedom, new fields with essentially different 
physical content. One has 

n = r + a, 

where Q is an arbitrary (metric) connection, T is the Levi-Civita connection 
and A is a tensor that determines univocally the torsion of Q (see Section 
Reference [I] is a very good review article on possible treatments and 
applications of gravity theories with torsion. 

The point of view that we take here is different. We assume that on 
the manifold there is a background connection u without torsion, which is 
the Levi-Civita connection of a particular (background) metric. The word 
'background' is used here in a slightly different way than usual, since this 
metric does not need to be a solution of Einstein's equations (although it 
may be convenient to choose it in that way), not even to first order in some 
perturbation theory. One has to think on it as a a reference metric, arbitrarily 
chosen, and the only assumption that we are making is that the manifold 
admits a pseudoriemannian metric0. The connection that we see as physical 
is, say, fl, and the difference between them is a tensor A = Q — u that, as said 
before, determines univocally the torsion. The torsion, then, can be used as 
the field of gravity, and that is what we call the torsion representation of 
gravity. 

1 This condition is topological, and it will be explained in detail in Theorem 12. 21 
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In the last paragraph our considerations where essentially local. Coming 
back to the 'reconstruction' of the global solution, it is surprising that in the 
new formulation different gluings are allowed, and topologies that could not 
be considered in the classical approach appear here as possible vacua. As 
a particularly interesting example we have the twisted torus [2], used in the 
literature as a compactification manifold of supergravity [3J. As we will see 
in Example 13. 3^ the interpretation in this formalism is extremely easy and 
it could provide a simple way of proving that these compactifications are 
indeed spontaneous [I]. 

The other advantage that the formulation presents is that it solves nat- 
urally the problem of coupling spacetime torsion to gauge fields [5]. In the 
classical interpretation the gauge transformations had to be modified, and 
a restriction to a particular type of torsion (trace-type torsion) had to be 
imposed. In the torsion formulation this is not anymore a problem, and the 
interaction with gauge or matter fields is straightforward. 

The paper is organized as follows: 

In Section |5] we justify mathematically the formalism and define the vari- 
ables of the torsion representation of gravity. 

In Section [3J we write the Cartan-Einstein lagrangian and compute the 
field equations. Then we proceed to illustrate the appearance of new topolo- 
gies with two relevant examples. The first example that we consider is the 
twisted 3-torus, related locally to Euclidean space by the torsion formulation. 
The second example is extracted from an old paper [SJ in which torsion was 
introduced to modify a gravity solution in order to model a gravitational 
vortex. This is quite close to our finding that the torsion formulation can be 
glued to new topologies, although a detailed analysis will show differences of 
interpretation. 

In Section HJ we show how to couple gravity to gauge and scalar fields in 
the torsion formulation, and finally we state our conclusions with prospectives 
for future work. 

2 Gravitational field in the torsion represen- 
tation 

The idea underlying what we call the torsion representation of the gravi- 
tational field is that the same geometric information can be carried by a 



3 



connection with torsion or by one without torsion. In this section we are 
interested in a global description, so we will always specify the open set in 
which we are working, and then we will take into account the gluing of the 
quantities in the intersection of open sets. 

In this paper we will follow closely the notation of Reference [10] . 

Let Ai be a manifold of dimension n and let L(A4) — - — > M. be its 
bundle of frames or frame bundle. An element of the frame bundle is an 
arbitrary basis of the tangent space of a point x G M. 

Let {U(i)}i e i be an open cover of M.. We will indicate the quantities 
defined on the open set with the subindex '(«)'. Let {V(j)}j e / be local 
frames on each Uu\ providing a trivialization of the frame bundle, so 

V(i) = {V^a(x), a = 1, . . . n, Vx G 

where V^a(x) are vectors forming a basis of the tangent space to the point 
x G Ai, smoothly depending on x. The GL(n, M)-valued transition functions 
a,(ij)(x) are given by 

Vy) = V(i)a(ij), (1) 

(there is no summation on the indices (z), (j)) and in the intersection of three 
open sets they satisfy the cocycle condition 

a (ij) a (jk) = a (ik)i O^j) = a (ji)- 

The vielbein is the dual frame to Vu\, a basis of one- forms that we will denote 
as V®, with 

V^V^ = 51 (2) 

Let fi = 1, ... n} be a coordinate system in U(i). The the frame and 
the vielbein are 

V (i) = i V {i)a d »i a = 1, . . . , n, /i = 1, . . . , n}, 
V® = {VW l d a ?, a=l,...,n, ti = l,...,n}. 

We consider a connection Q on TA^. Associated to the trivialization 
°f the frame bundle, the connection is given by a set of £}l(n, R)- 
valued 1-forms {fl^} i& j, one on each open set U(i), satisfying the gluing 
condition 

Q U) = a (rj) Q (i) a (ij) ~ a fo 1 ) da fo> ( 3 ) 
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The connection Q is then specified by {Q^,V^} ie i. The curvature is the 
Ql(n, IR)-valued 2-form 

R(i) = df2(j) + A (4) 
with a tensorial gluing condition, 

R (j) = a lij) R {i) a {ij)' 

and satisfying the first Bianchi identity 

dR (l) + n {l) A = 0. (5) 

The torsion 2-form is given in each open set by 

T {l) = dV (l) +%)Ay», 
and the gluing in different open sets is 

T (i) = a fe) T (i)- 

Together with the curvature, it satisfies the second Bianchi identity 

dT (i) + %) AT (i) = % A% (6) 

We want now to decompose the equation T(j) = in an unusual wa)H. 
We set 

= Af = M (i) \E {i)b , (7) 

where is a GL(n, HQ-valued function on We denote also (M^) -1 = 
Mu\. Then, {E^ a , a = 1, . . . , n} are local sections defining another trivial- 
ization of the frame bundle. They satisfy 

E U) = E (i) b (ij)i hj) = M{l)(1 (ij) M U)- ( 8 ) 

The group valued functions buj) satisfy also the cocycle condition 

b(ij) b m = 6(<fc), 
so they are also transitions functions of the frame bundle. 



2 This type of decomposition was suggested to us by L. Andrianopoli. In fact, it has 
been used before in particular cases, see for example [9]. 



It is convenient to use indices 'a' for tensors referred to this new frame 
and a indices for tensors referred to the former. We have 

T (i) = dM {i) A E {i) + M (i) d£ (i) + A M (i) E {i) = 0. (9) 

Notice that we are not changing fl^ as in ([31), 

= M(%)M W - M«dM w . 

If we were doing so, we will obtain the torsion in the new trivialization 

{E(i)}iei, 

T' {i) = M (i) T (i) = dE {i) + fi' w A = 0, 
which of course is also zero. Instead, we transform Qu-\ as 

or in components 

%) a fe = M ( « )5 4 )c -M« c V 
Rearranging the terms in ([9]) we obtain 

d£ (i) + A £ W = dM (i) • M w A (10) 

We want to interpret the term, dE^> + fi^ A E^\ as the torsion of a new 
connection, let us call it Q. The new connection is (Clu), Eu)) refers to the 
frame Euy 

But we still have to check that (f2(i), -B'(i)) satisfy the gluing condition. Q 
is well defined if in the intersection between two charts if and only if 

^U) = ~ b (ij) db (ij)- ( U ) 

By assumption, the equation that is satisfied is ([3]). It is easy to show that 
(jlip is satisfied if and only if 

a w (M®dM®)a m = (M^dM {j) ). 

If we denote Mu\ = exp Au\ , then the condition is written as 

a m dA^a {lj) =dA^. (12) 
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Given the a(ji) for all pairs (IT2"|) imposes a condition on the choice of 

AfW and for all (z) and (j). But assuming that we find a solution for 
each pair the solution is consistent, since the cocycle condition assures 

that if 

a {ji) X {€) a {ij) = X(j), a {kj) X {j) a {jk) = X {k)l 

then 

The condition ffl2l) implies that the one forms dA® define a global section 
of a bundle associated to L(Ai) through the adjoint representation. 

Example 2.1. 

• If = e^U, then (I12p is trivially satisfied for arbitrary transition 
functions provided 

— 0(j) = C(ij) = constant. 

• If the transition functions are of the type 

fa 0\ 

a= {o p)> 

then we can have a more general solution with 

• If the transition functions are constant (the case of a flat bundle), then 
M can be arbitrary. 



Let us now introduce a pseudoriemannian metric in represented lo- 
cally by g^y and let V® be orthonormal frames 

This means that auj) must be valued in 0(p,q), and that the vielbeins are 
unique only up to an orthogonal transformation. We denote by Q the Levi- 
Civita connection associated to g^ u , locally represented by {fta), Vu)}- 
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We assume also that there is another metric with orthonormal frame , 

fit = v Pq E ( ; )p Ei^ = v P AitfE«n m iEP s . 

The matrices buj\ must be valued in 0(p,q). Let u be the Levi-Civita con- 
nection associated to g' which is locally represented by {u^,E^}. 

Both metrics define different reductions of the frame bundle to orthogonal 
bundles, OL(Ai), OL'(A^). We are going to show that the two reductions 
are isomorphic. 

Theorem 2.2. Let g and g' be two pseudoriemannian metrics on JVl, gener- 
ically non isometric but with the same signature (q,p). Let OL(A4) C L(A4) 
be the subbundle of the frame bundle consisting on orthogonal frames with 
respect to the metric g, and similarly OL'(Ai) C ~L(M) the subbundle of 
orthogonal frames with respect to the metric g' . The bundles OL(A4) and 
OL'(Ai), which are principal bundles with structure group 0(q,p), are iso- 
morphic bundles. 

Proof. Let U = V^ 1 and U' = V'~ l be local frames of OL(M) and 
OL'(A^) respectively (see fl2]) (the notation U for the vielbein matrix is in- 
troduced here for simplicity). We then have 

U T V U = g, U' T 7]U' = g'. 

The metrics g and g' are real symmetric matrices with the same number of 
positive and negative eigenvalues, so by Sylvester's law of inertia, they are 
related by a congruence transformation, 

9 = S T gS, 

where S is an invertible matrix. One then obtains that U and U' can be 
chosen as U' = US. The matrix S realizes the local isomorphism. Neverthe- 
less, the matrix S is not unique, since S = OS, where O is orthogonal with 
respect to the metric g, would also realize the congruence. We then need a 
criteria to choose uniquely the matrix S. 

Let us first consider the Riemannian cas^f). We have then the polar de- 
composition of S, S — OP, where O is orthogonal (with respect to g) and 
P is a symmetric, positive definite matrix. Since S is invertible the polar 
decomposition is unique, P is unique and 

g' = P T gP, U' = UP 
3 We thank V. S. Varadarajan for showing us this argument. 



8 



define a global isomorphism of the principal bundles OL(A^) and OL'(Ai). 

The pseudoriemannian case needs extra work. The polar decomposition 
is not true anymore with O G 0(q,p), but manifolds that admit a pseu- 
doriemannian metric have some topological restrictions that will allow us to 
overcome the problem. 

First, we note that by the Iwasawa decomposition, a real group G is diffeo- 
morphic to the product of a maximal compact subgroup times an Euclidean 
space. By Theorem 5.7 in [10], any principal bundle over a paracompact 
basis can be reduced to the maximal compact subgroup. For example, in 
the case of the frame bundle, the maximal compact subgroup of GL(n, R) 
is O(n), and each reduction defines a metric on M.. This is another way of 
proving that there always exists a Riemannian metric over a paracompact 
manifold. 

We have two 0(g,p)-bundles, whose structural groups can be reduced to 
the maximal compact subgroup, 0(p) x 0(g). We denote these reductions 
as OL c (.M) and OL' c (Ai). This has an important implication on the tangent 
bundle of the manifold. Since the transition functions can be chosen of the 
form 



then the tangent bundle TAi of a manifold that admits a pseudoriemannian 
metric admits a global splitting in two transversal distributions of dimensions 
q and p respectively, 



In fact, this is a sufficient condition for the existence of a pseudoriemannian 
metric of signature (p,q). 

Let U and U' local vielbeins of OL c (.M) and OL' c (M) respectively (see 
Due to the global splitting of the tangent bundle we can in fact choose 
in every open set 



and the transition functions will not change this form. We can in fact work 
with the subbundles TM. p and TM. q and apply the polar decomposition 
argument in each of them. 

We have then proven that the reductions of the frame bundle associated 
to two pseudoriemannian metrics, not necessarily isometric, are isomorphic 
bundles. ■ 





0(g) 



TM = TM P © TM q . 
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If the condition (fT2|) is satisfied, then by the procedure described in Eq. 
(JHD we can associate a connection with torsion obtained by gluing {Cl^, E^}. 
This is an alternative to the Levi-Civita connection to describe the degrees 
of freedom of the gravitational field. Physically, g' (or E^) and uj are fixed, 
reference quantities, and the physical variables are M and the torsion T, or 
equivalently 

A — Q-u, 

linked by fl9]). It is what we call the torsion representation of the gravitational 
field. 

The equations of motion are only local, and the obstruction to the gluing 
is already indicating that the topologies of the global solution may have to 
be different. 

3 Cartan— Einstein action in the torsion rep- 
resentation 

We want now to write the action principle for the gravitational field in the 
torsion representation. The field equations are local equations. They are 
written in an open set of the manifold, so we will drop the index (i). We 
will also suppress the symbol "A" for the wedge product of n-forms, as it 
is customary in physics notation. The meaning should be clear from the 
context. 

We are using two different frames, V and E. As before, the indices of 
tensors referred to the frame V will be written as 'a', while the indices referred 
to the frame E will be 'a', so, for example, 

V a = V* dz", E a = E^ dx^, V~ a = M~ ia a E a . 

Let us consider the Cartan-Einstein Lagrangian in D = ^ in first order 
formalism^] (with independent variables V and Q) 

£g = -\e- a ^R* b V s V S {= -\e,- bsd R ah A V s A V d ) , (13) 

4 We consider only D = 4 for concreteness and not to load the notation, but it is clear 
that the same argument can be applied in any dimension. 

J Introduced in the context of the so called geometric or rheonomic approach to Super- 
gravity [T2] . 
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where R ab = R a E rj cb is the Riemann curvature two- form as in Eq. (Tjf]) . Varying 
the Lagrangian with respect to V we obtain the Einstein equations, 

R n \i - \%R = o, (14) 

with the curvature two-form expressed in the vielbein basis as 

R ab = R ab__ V cyd^ and R = R ab__ 

Variation with respect to Q gives the torsionless condition 

T{V, Qf = dV~ a + Q\V b = 0. (15) 

We perform now the local change of variables. We assume that E is a 
fixed, arbitrary vielbein. We want to refer all the quantities to the frame E. 
The vielbein E is associated to a metric g' = r] ab E®E b . But the frame V is 
not orthonormal with respect to this metric: 

y-aVl^u = Va b M a - a M b b = h- al ± TfcJ. 

Similarly 

E a E b9iiu = v-ahiM-X^M- 1 ), 1 = h ab rj ab , (16) 

With 9txv = V abV«V b . 

In the original Lagrangian (fT3j) . Q is the one- form representing the Levi- 
Civita connection with respect to V. In the E basis, 

fh = M a - a n\M- lb b , 

which together with E define a connection with torsion 

T(E, tt) a = DE a = dE a + n a b E b . (17) 
Let oj be the torsionless connection associated to E, so 

VE a = dE a + u a b E b = 0. (18) 
We define the tensor A as 

n% = u\ + A a b . 
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A carries all the information about the connection f2. Moreover, 

T(E,tt) a = A a b E b 1 

where we have used ( ITS]) . The map sending Ab a c to T a b c = A^c] is one to 
one (remember that Ab ac is antisymmetric in the indices a, c). Its inverse is 
given by 

A A e h T h T e 

L -*bac c' l eai -'-abc ' L ae- L be 

Abac ^(T a bc T c b a ~\~ ^~bac) • 

Remark 3.1. This fact can be used to show the existence and uniqueness of 
a torsionless connection compatible with an 0(p, g)-structure [II] . One just 
starts from an arbitrary connection Cl with torsion T and uses the bijectivity 
of the map to give A, and in turn u, which is torsionless. One can then say 
that any 0(p, g)-structure is torsionless . ■ 

The connection u and the vielbein E are fixed (for instance they can be 
the ones of flat Minkowski spacetime if the topology allows for it). Then 
all the dynamics of the system lies in M and A (or T) . We stress that the 
equations are exact, and no approximation has been done. 

We denote by lZ a b the Riemann tensor of the connection u, so it does not 
depend on the dynamical variables. The symbol T> stands for the covariant 
derivative with respect to u. Explicitly, 

lZ a b = du a b + tu a c u C b, 1Z a b = 1Z a bcdE c E d , 
VA\ = dA a b + u a c A c b + A a c u c b . 

Also, h ab denotes the inverse of h a b defined in f)16p . In terms of the new 
variables, the Einstein-Cartan Lagrangian f|T3l becomes 

C G = —^[n a b + VA a b + A a c A c b -(co a c + A a c )(M- 1 dM) c b - 
4 det M L 

-(M-MM)»( W C 6 + A c b )] h eb e ae cdE c E d (19) 

For simplicity, we set now u> = and E^ = so the background is 

Minkowski space. In terms of the new variables, the equations of motion 
read 

A[ a C b] = ~F C [ab] (20) 

d c A a c b — dbA c c a + A c c d A b d a — A b c dA c d a — 

—F C d c Ab d a — F d a bA c C d + F C dbA d a + F d ac Ab C d = (21) 
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where the square brackets mean antisymmetrization in the indices, and we 
have defined 

F% r = d r M p p (M- l y q . 

Equation f )20|) is a constraint between A and M. It is equivalent to ()15p . 
and its geometrical meaning has been made clear previously. Equation ( 12 ip 
is equivalent to the Einstein's equations f }T4"j) . 

Remark 3.2. 

The quantities u and E are related by the zero torsion equation f TT5j) . but 
they do not need to satisfy Einstein's equations f|T4"|) . This is then a matter 
of convenience. ■ 

We want now to show how Euclidean spacetime can be locally but not 
globally, related by this change of variables to manifolds with topology that 
do not admit the flat, Euclidean metric. This is the spirit of Examples 
13.31 and 13.41 The setting is different from the setting in ()2UII2ip . since the 
background is not Euclidean space. In fact, it would not be too difficult to 
add the suppressed terms to the equations, but this will be not necessary for 
our analysis. 

Example 3.3. The twisted 3-torus. 

Let us start with the Euclidean space M 3 with metric 

ds 2 = dx 2 + dy 2 + dz 2 . (22) 

The simplest vielbein is 

fdx\ 

V a =U y y (23) 

and the torsionless connection is just Q = 0. This is trivially a solution of 
the Einstein equations (fT4~p . 

Now we consider a different ('twisted') vielbein on M 3 

/ dx \ 
E = dy . (24) 

\dz + Nxdy J 

E and V are related by the matrix 

0\ 

M = | 1 , V = (M- l )E. (25) 
Nx 1 
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The pair (f2 = 0, E) define a connection with torsion, 

T(E, Q) a = dE a = 5o j NE 1 E 2 . 
The 'twisted' vielbein has associated a torsionless connection, 

u\ = --E\ U \ = -- E \ U \ = -E\ (26) 

and the rest zero. Then A = Q — u = —u and M are solutions of f l20l[2T|) . 
equivalent to the flat space solution (V, fl) of the Einstein equations. 

We can also define the 'twisted' metric on M. 3 using the 'twisted' vielbein 

ds' 2 = dx 2 + dy 2 + (dz + Nxdy) 2 . (27) 

This metric is not a solution of the Einstein equations 

Notice that we could have chosen any vielbein in IR 3 and perform the 
same trick. We would then obtain different ways of describing the flat space 
M 3 , solution of the Einstein equations. But the vielbein E can be defined on 
a compact space constructed by identifying points in M 3 . A 3-torus, with the 
flat metric, is obtained by identifying 

x = x + a, y = y + b, z = z + c. 

If one modifies these conditions in the form 

x = x + a, y = y + b, z = z — Nay + c, 

one finds that the 'twisted' vielbein (124"]) is globally defined. The resulting 
compact manifold is then parallelizable. It is in fact the twisted 3-torus [2]. 
This manifold is a non trivial T 2 -bundle over the base S" 1 (described by the 
cyclic coordinate y). It does not admit a flat metric (see for example Ref. 
[7] for a classification of flat 3- manifolds), but it has a non abelian three 
dimensional group of isometries (the Heisenberg group). 

The coordinate vielbein (1231) still exists locally, although it does not ex- 
tend to a global frame of the manifold. When a coordinate vielbein is global 
one says that the manifold is integrably parallelizable, and this is a very strin- 
gent condition. In fact, only MJ 1 , ra-tori or products of them are integrably 
parallelizable [6]. 

We see in this way that the torsion description of the gravitational field 
allows for a solution to the Einstein equations which is locally equivalent to 
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flat space but that is topologically different. More generally, what we have 
shown is that both formulations are equivalent only locally, and that the 
torsion formulation allows for vacua with topologies that are excluded from 
the standard formulation. 

The twisted torus has been used in the literature to produce different 
compactifications of supergravity and superstring theory [3J. Needless to 
say, in the compactification of any theory, the size of the compact manifold 
is very small compared to testable distances, so the global and topological 
effects are crucial. 

■ 

Example 3.4. Gravitational Meisner effect. 

This appeared in Ref. [8], and it compares the presence of torsion in a 
certain region of spacetime with the magnetic vortex lines that appear in a 
semiconductor. We rewrite here the gravitational version and interpret it in 
terms of the torsion formulation of gravity. 

One starts with flat, Euclidean space M 4 with coordinates {x^, \i = 
0, . . . , 3}. We may see it as the algebra of quaternions H « M 4 , 

q = x°U + x U\ + x 2 a 2 + £ 3 <7 3 , 

with the Hamilton product, given by 

of = -1, Oi<jj = -SijTL + e ijk a k , i,j, k = 1, 2, 3 

so 

q = x°H +xVi + x 2 a 2 + x 3 cr 3 , q = y°H + y 1 a 1 + y 2 a 2 + y 3 a 3 

q.q' = ( x °y° - x x y l - x 2 y 2 - x 3 y 3 )H + (x 1 y° + x°y 1 - x 3 y 2 - x 2 y 3 )ai + 
+ (x 2 y° + xV + x°y 2 - x 1 y 3 )a 2 + (x 3 y° - x 2 y 1 + x 1 y 2 + x°y 3 )a 3 

The subset S 3 cH 

S 3 = {q G M | || q \\ 2 = ^i"/ = 1}, 

is indeed the group SU(2), with the group law being the Hamilton product. 
The group acts on M. 3 = spanjcri, er 2 , a 3 } as rotations 

-J* = q-rfq- 1 , if e E 3 , 
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where ^ 

q^ 1 = ^(x H - x x O\ - x 2 a 2 - x 3 a 3 ), 

with r = \\q\\. One can obtain the Maurer-Cartan forms for SU(2) by com- 
puting them first in H: 

q- l dq = J (E°H + E 1 ^ + E 2 a 2 + E 3 a 3 ) , with 

E° = - (x°dx° + x 1 dx 1 + x 2 dx 2 + x 3 dx 3 ) = dr, 

E 1 = l -(-x l dx + x°dx l +x 3 dx 2 -x 2 dx 3 ), 

E 2 = - (-x 2 dx° - x 3 dx 1 + x°dx 2 + x^-dx 3 ) , 

E 3 = ^(- x 3 dx° + x 2 dx 1 -x 1 dx 2 + x°dx 3 ). 

When restricted to S 3 , E° = and E l , i = 1,2,3 are the Maurer-Cartan 
forms of SU(2). 

E = {E a ,a = 0, . . . ,3} is a frame that is well defined everywhere except 
at the origin. Moreover, one can check that 

ds 2 = E°E° + E'E 1 + E 2 E 2 + E 3 E 3 = (dx ) 2 + (dx 1 ) 2 + (dx 2 ) 2 + (da; 3 ) 2 , 

so E is a vielbein for the Euclidean metric on R 4 - {0}. It is not difficult to 
check that 

dE° = 0, 

dE 1 = -E° A E 1 — -E 2 A E 3 , 

r r 

dE 2 = -E° A E 2 + -E 1 A E 3 , 

dE 3 = -E° A E 3 - -E l A E 2 . (28) 
r r 

Then, the Levi-Civita connection u given by the torsionless condition DE a = 
dE a + u a b A E b = becomes 



- \/ jk W. oo\ = \e\ u ab = -u ba . (29) 
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So we have two vielbeins, E and the standard one V = (dx M , \i = 0, . . . 3) 
related by a matrix M 



E = M\\ M = 



/ x° 


x 1 


X 2 


X 3 \ 


—x 1 


x° 


X 3 


—x 2 


—x 2 


—X 3 


x° 


x l 


\— X 3 


x 2 


—x 1 


x° J 



The Levi-Civita connections are Q = for V and u as defined in (I29p . so 

A = Q — uj = —u> 

as for the case of the twisted torus. The torsion of the connection defined 
by Cl and E is T(E, Q) a = dE a , which is computed in (j28p . Differently from 
the twisted torus, the metrics defined by V and E are the same. 

In Ref. [8] the authors perform a regularization of u by substituting the 
factor 1/r in front of the connection one forms (1291) by a function tp(r 2 ) with 
appropriate asymptotic behavior. One requires that if is regular when r — > 
and that it reproduces u in Eq. fl2U|) when r — > oo. In this way, the connection 
can be extended over r = and also for r < 0, so one ends up with a space 
which is topologically S 3 x R. 

The connection has torsion, and the vielbein remains singular at r = 0. 
The manifold S 3 x R, though, is parallelizable, so there must exist a global 
frame. 

We propose a different procedure, similar to the one used for the twisted 
torus, to regularize both, vielbein and connection. The topology will be 
S 3 x R and the connection will be the Levi-Civita connection associated to 
the global frame. The metric is not flat, so it is not solution of the Einstein 
equations. But, with the torsion formulation of gravity, it can be locally 
related to the flat metric through a connection with torsion. 

Hyperspherical coordinates on R 4 are useful, 

x° = r cos if}, 

x 1 = r cos sin 9 smif>, 

x 2 = rsin0sin$sin'0, 

Xs = rcosOsinip, if), 9 G [0, ir[, (f> 6 [0, 2ir[. 
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Using the program Mathematical we obtained for the vielbein 

E = dr, 

Ei = r [(cos sin 9) dip + sinip sin#(— cos?/' sin <p + sin?/> cos <pcos9)d<p + 

sin ip (cos 9 cosip cos (p + sin^sin^dfl] = ra\ 
E 2 = r [(sin0sin#)d?/> + sin^sin^cos^cos^ + sin-^sin0cos^)d0 + 

sin ip (cos ip sin cp cos 9 — cos (p sin ip) d#] = ra 2 
E 3 = r [cos 9 dip — sin 2 t/> sin 2 9d(f> — cos ?/> sin ip sin 6*d#] = ra3 

The one forms a 1 = E % jr and dr form in fact a global frame on S 3 x R. We 
define the new vielbein as 

E° = f(r)E°, E i = h(r)a\ 

where f(r 2 ) and h(r 2 ) are strictly positive functions. We impose the following 
asymptotic conditions 

f( r ) — ^ re g ular > f( r ) — — > !> 
h(r) > regular, h(r) > \r\. 

r— >0 r— >±oo 

One possible choice is 

f(r) = 1, /i(r) = Vr 2 + a 2 , a e R. (30) 
If we compute the differentials of the one-forms we get 

dE° = 0, dt = A{r) E° A E i — B{r) e % jk E j A E k , 

where 

The connection is then 

u\ = A{r)E\ u> i j = B(r)J jk &, 

and the metric is 

ds 2 = /(r) 2 dr 2 + h{r) 2 [dtp 2 + sin 2 ?/>(d# 2 + sin 2 9d<p)] . 
For the choice (l30l) we get 

r 1 
A = — -, B 



r 2 + a 21 " 



^Wolfram Research, Inc., Mathematica, Version 5.1, Champaign, IL (2004). 
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4 Interactions in the torsion representation 



In this section we compute the interaction of gravity in the torsion formula- 
tion with abelian gauge fields and scalar fields. We use also the first order 
formalism [T2] . 

4.1 Gauge fields 

We want to consider now an abelian gauge fielcfl with potential coupled 
to gravity. Then we will perform the change of variables to the torsion 
formulation and we will obtain the precise form of the interaction of gauge 
fields with torsion. We will use a first order formalism [12]. To the Cartan- 
Einstein Lagrangian ( TT3]) we add the following term 

£v = \ (FfaV*V* + ^/%e sM ryV¥j (31) 

with F = dA = F ab -V a V b and A = A a V~ a . The symbol f ab - stands for an 
auxiliary field, antisymmetric in the indices (a,b), and the barred indices are 
lowered and raised with the (pseudo) Euclidean metric r\ a i and its inverse 
r) ab . In components, we have 

F = d(A- a V~ a ) = d(A- a )V~ a + A- a dV~ a = (DA- a )V~ a , 

with 

(DA- a ) = dA- a - n b - a A- b . 
We will use the following notation: 

d a = vgdp, D- a = vgDp, n% = nf a E\ 

so 

F = DA- a V~ a = {D- b A- a )V b V\ 

Notice that Q c a is not necessarily symmetric in (a, b), although the connec- 
tion is torsionless, because we are not using a coordinate frame. 

Varying the Lagrangian with respect to the auxiliary field f a i one obtains 

fab = l^abcdF^ = *^ah (32) 

7 The generalization to non abelian gauge theories is straightforward, but we prefer to 
keep the discourse as simple as possible. 



19 



where the symbol '*' means the Hodge-star operator on differential forms. 
Variation with respect to A then gives 

Df- al = 0, equivalent to d [s *F- ai] - n [s *- h *F- a]d - Q { /- a *F m = 0. (33) 

We have used (132 p . Together with the Bianchi identity 

DF- ai = equivalent to d [5 F ab] - n/- b F a]d - n/ a F m = 0, 

they are the equations of the electromagnetic field in presence of gravity. 

Let us now perform the change of variables from Q and V to A and M. 
It is also convenient to make a change of variables in the auxiliary field, 

f ab = f-^M^faiM- 1 )^ 

Then we have 

/ab f rab r 

Jab J Jab- 

The Lagrangian becomes 

C v = I (Ff ab E a E b + —l—f^f eh e abcd E a E b E c E d ^ , (34) 

where 

F = d(A a E a ) = (dA a )E a + A a dE a = (VA a )E a , 
VA a = dA a -u b a A b . 

Notice that in the electromagnetic potential appears coupled only to M 
and not to A. Apart from the definition of f ab , which reflects the fact that 
we are expressing our vectors in a frame that is not orthogonal with respect 
to the original metric, M appears only through its determinant. For what 
regards to the electromagnetic field, M could just be of the form M = e^U, as 
assumed in [5], which gives, trough the constraint (TTU]) a trace type torsion. 
This does not mean that having a more general M and more general torsion 
is inconsistent with the electromagnetic field: it means that such field only 
couples to the trace component of the torsion. 

Let us compute the field equations. Varying with respect to f ab gives 

f ab = det M*F ab , or f ab = det M" 1 *F ab , (35) 
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which differ from (1321) in the factor det M. Varying with respect to A we get 

Vfab = 0, equivalent to d [c f ab] - u [c d b f a]d - u [c d a f d \ b] = 0. (36) 

Formally this equation is identical to (133]) . but the presence of the torsion 
is encoded in the auxiliary field / through the matrix M. It is worthy to 
note that the Lagrangian is gauge invariant by construction. So we have con- 
structed a Lagrangian of a gauge field in interaction with spacetime torsion 
which is fully gauge invariant in the ordinary sense. It is perhaps instructive 
to compute the tensor F ab and see how a gauge transformation affects it. 
We write it in terms of F^, the components of the tensor with respect to a 
coordinate frame, that remain invariant (covariant in the non abelian case) 
under a gauge transformation. 

^ = Wf = \{E»EZ{d,A u -d v A ll ) = l -{d a A b -d b A a - 

(d a E» b )EZA c + (d b E:)E°A c ). 
Making a gauge transformation 

A' a = A a + d a X, 

we get 

Kb = F ab + l - {d a d b X - d b d a X - {d a El)E c u d c \ + (d b E:)E c u d c X) ■ 

But d a = E^d^ does not commute with d b , and the commutator exactly 
cancels the last terms in the equation above. So F' ab = F ab and we have 
checked explicitly the gauge invariance of the action. 

4.2 Scalar fields 

Finally we consider the Lagrangian of a scalar field charged under U(l) (the 
analysis can be easily generalized to n scalar fields). As for the gauge field, 
we introduce an auxiliary field <f) a , and the U(l) covariant derivative will be 
denoted as 

V0 = d0 + A/>= {d^ + A-a^V*. 

For the auxiliary field, the covariant derivative includes also a gravity part, 

v- b r = d- b p + A- b r + fv. 
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Then the lagrangian is 

and the field equations are just 

<Pa ' V a = 0, V«# = 0, 

which eliminating the auxiliary field are 

d-ad^ = 0. 

Let us now perform the change of variables 

V~ a = M~ l ~ a a E\ <p a M- l ~ a a <p a . 
Also, the covariant derivative will be expressed in the frame E: 

V(j> = (d a <j> + A a <l>)E a . 
Then, the Lagrangian becomes 

' f V<t>(t> a e ahcd V h V c V d - U m ^ m e abcd V a V b V c V d 



6detM V 8 
It is convenient make a redefinition of the auxiliary field, 

~ r= deTM 0a ' ^ = detM ( p a , 
so the field equations are 

detM0 a - V a = O, V a a = O, 

which imply 
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4.3 Complete Lagrangian and equations of motion 

Summarizing (fT9l l34"t [37|) . the first order Lagrangian for vector and scalar 
fields coupled to gravity in the presence of torsion can be written as: 



Given the Lagrangian, we can now obtain the equations of motion. The 
equations ( l35|36f38|T20|) are not modified. Einstein's equations (J2TJ) acquire 
sources and become the following 



5 Conclusions 

In this paper we have presented a formulation of gravity that allows to use 
connections with torsion to describe the gravitational field. It introduces a 
background, fixed connection and vielbein. At the global level, there can be 
an obstruction for the equivalence with the classical formulation, and this 
allows solutions with topologies that were not possible before. 

Implicitly, the formulation has been used in Supergravity compactifica- 
tions, where the internal manifold has torsion. Torsion has been called a 
'geometric flux', and it is a data that together with topological characteris- 
tics of the internal manifold determines the theory at low energies. Through 
T-duality, the torsion or geometric flux in the IIA theory becomes a standard 
3-form flux [3] in IIB. It is known also that T-duality generically changes the 
topology of the target manifold [13], and it is our intention to study T-duality 
in the light of this new formulation. 

It is not difficult to couple it to fermions and indeed, supersymmetry, as 
an infinitesimal, local symmetry should be straightforward to implement. We 



C 



C G + C V + C S = — ±— \{n\ + VA\ + A a c A c b + 
4 det M L v 

-(co a c + A a c ){M~ l dM) c b - (M -1 dM)"(w c (, + A° b ))h eb e aecd E c E d + 
\ {V^ a t abcd V h V c V d - h m ^ m e abcd V a V b V c V d )\ (39) 

6 o 



d c A a c b — dbA c c a + A c c dAb d a — Ab c dA c d a — F c c i c Ab d a — 
+ F c db A c d a + F d ac A b C d = -F xa h ab F y b — V x 4>V y <f) 



F d a bA c c d+ 



(40) 
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leave it for a future paper, where we will also analyze supergravity compacti- 
flcations with geometrical fluxes. We want to study if these compactifications 
are spontaneous or 'consistent' from this geometrical point of view, also in 
the light of previous works jl] . 

Finally, and since we have described now a general mechanism, it could 
be used to find new examples. 
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